We consider a system of nitely many non-relativistic electrons bound in an atom or molecule which are coupled to the electromagnetic eld via minimal coupling or the dipole approximation. Among a variety of results, we give su cient conditions for the existence of a ground state (an eigenvalue at the bottom of the spectrum) and resonances (eigenvalues of a complex dilated Hamiltonian) of such a system. We give a brief outline of the proofs of these statements which will appear in full length in 3].
Introduction
In this note we describe some recent mathematical results concerning physical phenomena that stood at the origin of quantum theory: those of emission and absorption of electromagnetic radiation by systems of non-relativistic, quantum-mechanical matter, such as atoms and molecules.
The key point of our analysis is not that it changes the conventional picture of atoms and molecules interacting with the quantized radiation eld provided by low-order quantum-mechanical perturbation theory, but that it supplies non-perturbative results supporting this picture and adding mathematical precision to it. In particular, our results concerning the structure of resonances in the fully interacting theory corresponding to excited energy levels of an atom or molecule decoupled from the radiation eld are not entirely part of the conventional wisdom in this eld and complement the perturbative analysis, due to Bethe 5] , of the Lamb shift in a rather signi cant way.
The starting point of our analysis is the following standard model of non-relativistic, quantum mechanical matter and radiation. The system consists of a nite number of nuclei, in the following treated as static, and of electrons treated as non-relativistic, quantum-mechanical point particles coupled to the quantized radiation eld. The Hilbert space of the system is given by H = H el H f ; (1) 
In these formulae, N denotes the total number of electrons (which is conserved), the factor C 2 on the r.s. of (2) accounts for the spin of electrons, and a denotes an anti-symmetric tensor product, in accordance with the Pauli principle. The space H f = F is the Fock space of photons (\f" stands for \(electromagnetic) eld"). The factor C 2 on the r.s. of (3) accounts for the two possible polarizations of photons, and s denotes a symmetric tensor product appropriate for Bose-Einstein statistics. The transverse modes of the quantized electromagnetic eld are described in terms of the vector potential,Ã, in the Coulomb gauge: At time t = 0,Ã is given bỹ A(x) 
where a # = a or a y . The vector potentialÃ and the creation-and annihilation operators are unbounded operator-valued distributions on F.
The free time-evolution of the radiation eld is generated by the Hamiltonian
SettingÃ (x; t) = e i t H fÃ (x) e ?i t H f ; the free electric and magnetic elds are given bỹ E(x; t) = @ @tÃ (x; t);B(x; t) =r^Ã(x; t): Here we temporarily use units such that h = c = 1. Although customary, this choice of units is not natural in the present context and we will change it below.
The Hamiltonian generating the time evolution of the total system composed of the photon eld and N electrons moving in the additional electrostatic potential generated by M xed nuclei of charges Z l e at positionsR l , l = 1; : : : ; M is given by H 0 = H 0 el + 1I H f ; 
where 2 m ?1 is the Compton wave length of an electron, x j ; y j and z j are the three Pauli matrices acting on spin space of the j th electron, = e 2 4 (137) ?1 is the feinstructure constant,Ã (x) = R d 3 y (x ?ỹ)Ã(ỹ) is the regularized vector potential, where is the Fourier transform of a smooth function, , with support contained in the ball fk : jk j m ?1 g, P M l=1 Z l jx ?R l j ?1 is the electrostatic potential corresponding to the charge distribution of the nuclei, and jx i ?x j j is the repulsive Coulomb potential between the i th and the j th electron. We impose the UV-cuto to make focussing on the infrared regimek 0 as easy as possible. By completing a square, one sees that H 0 is bounded from below by some constant ?C N , where C depends on N, Z j ,R j , , and m, and that H 0 has a unique self-adjoint extension on a domain D dense in H. The question of stability, i.e., whether C can be chosen independent of N has recently been discussed in 9], while aspects of semiboundedness and stability for the corresponding model with unregularized, but classical electromagnetic eld are discussed in 11, 21, 22] .
To exhibit the perturbative character of the present spectral problem we change our units. To this end, we dilate the electron coordinates and photon momenta independently, (11) is the usual Hamiltonian of non-relativistic Schr odinger quantum mechanics. We shall choose the con guration of nuclei and the number of electrons such that the total system has bound states; more precisely that the spectrum, ( has an analytic continuation in the variable z from the upper to the complement of the shaded regions in the lower half-plane depicted in Fig. 1 , below. 
Description of a simpli ed model
In order to formulate precise results and convey some key ideas about our methods, it is useful to consider a simpli ed model that, however, retains the basic di culties encountered in the analysis of the Hamiltonian H introduced in eqs. (10), (4), (6) . The choice of a simpli ed model is primarily motivated by the desire to describe our ideas and results in a transparent context, but most of our results apply to the physical model described in the introduction 3].
First, assuming that the charge distribution of the nuclei is concentrated around the origin in IR 3 , we unitarily transform the Hamiltonian H in (10) 
Thus, choosing := 2 1=2 3=2 , H is unitarily equivalent to H 00 := U 2 HU 2 (14)
Here, c = 16 2 dk is a cuto -dependent constant and (k) (jkj). In the operator H 00 above it appears plausible (although mathematically not quite justi ed) to neglect all terms that are proportional to m with m > 3=2.
So, we drop the Zeeman term ? 2 p 5=2~ j B (x j ) which generates magnetic dipole transitions between energy levels of H 0 el of order 5=2 because electric dipole transitions generated by 2 1=2 3=2Ẽ (0) ( P N j=1x j ) are of order 3=2 . As a result, the electron spin is decoupled from the radiation eld.
Next, invoking a Taylor expansion,Ã ( x j )?Ã (0) is seen to be of order , so that in H 00 the terms linear inÃ ( x j ) ?Ã (0) contribute in order 5=2 and the terms quadratic inÃ ( x j ) ?Ã (0) even in order 5 . Again in view of the electric dipole term of order 3=2 , we neglect both of them. Finally, we shall replace the terms 2 1=2 3=2Ẽ (0) ( (17) and
The precise form of G ;x (k) will usually be immaterial. It su ces to demand some general properties of G ;x (k) that we describe presently: (20) where !(k) =jk j is the energy of a photon with momentumk.
(ii)
(iii) (22) (iv) There exists some > 0 such that, for all > 0,
We remark that sets an energy scale, and ( ) has the interpretation of an energy-scaledependent (running) coupling constant. The condition that ( )= ! 0, as ! 0, turns out to imply that we are dealing with an infrared asymptotically free problem. For the physical Ritz Hamiltonian, = 1. Assumption (i) guarantees that the quadratic form suitably de ned by H R is bounded below and thus its Friedrichs extension is self-adjoint;
(ii) implies that, in states describing electrons bound to the nuclei, the expected value of the number of photons is nite; (iii) enables us to control the nature of the spectrum of H R away from the eigenvalues and thresholds of H 0 el by positive-commutator estimates;
and (a somewhat stronger form of) (iv) permits us to analyze the spectrum of H R and the structure of resonances in the vicinity of the eigenvalues of H 0 el , by using a renormalization group analysis.
Note that, in our approximation, electron spin and the polarization of photons are inessential complications. We may thus suppress these degrees of freedom in our notations. Since we are interested in mathematical results applying to physical situations, we shall however point out to the reader which of our results do not apply to the full model described in the introduction. 3 The nature of the spectrum of H R The spectrum of the operator H 0 de ned in (17) , (11) and (6) is the sum of the spectra of H 0 el and H f , where the spectrum of H f consists of an eigenvalue at 0 and an absolutely continuous part lling 0; 1). Thus the spectrum of H 0 has an eigenvalue E 0 at the lower boundary of its absolutely continuous part, embedded eigenvalues at E j ; j = 1; 2; , which are thresholds for branches of absolutely continuous spectrum, a threshold at and possibly further thresholds at higher energies. In order to control the spectrum of H R
Let
A = A el 1I + 1I A f (24) denote the anti-self-adjoint in nitesimal generator of dilatations, where
and where A el is the usual generator of dilatations of the N-electron con guration space. (27) .) Inequality (27) is the key ingredient in proving that the spectrum of H R is absolutely continuous on the union of the sets satisfying (26) . Proofs can be found in 8] and extensions in 17].
The next issue is to understand the fate of the ground state of H 0 el when the interaction between electrons and the radiation eld is turned on. In studying this problem one encounters some aspects of the infrared problems that plague quantum electrodynamics.
Since photons are massless, with a dispersion law !(k) =jk j, the ground state energy of a system of electrons interacting with the quantized radiation eld is at the lower boundary of the continuous spectrum of the Hamiltonian of the system. Therefore, standard analytic perturbation theory cannot be applied to study the ground states of the interacting system. One way of coping with the problem is as follows 12]:
One introduces an auxiliary Hamiltonian H R with infrared cuto , , e.g. replacing G by G where G ;x (k) = 0 whenever !(k)
, and then discretizes photon momentum space for !(k) > . Then the spectrum of H f restricted to momenta with !(k) > is pure point and contained in f0g ; 1). By carefully removing the discretization, using Assumption (ii), one proves that the infrared- (30) uniformly in , where P is the projection onto the Fock vacuum and P el is the nite dimensional spectral projection of H 0 el onto all eigenvalues E j ? " for some " > 0. Finally, upon using 1I ? P (1I ? P ) N = N and adding up (29) and (30), we arrive at h j(P el P ) i 1?h j (1I?P el ) P ] i?h j(1I N) i 1?4 3 2 2 > 0 (31) uniformly in . Because P el P is nite dimensional, this implies that 0 6 = 0 and nishes the proof. Moreover, using a Combes-Thomas-Agmon type estimate, one shows that k exp ( N X j=1 jx j j) ( ) (e)k C; (32) for some constants > 0 and C < 1 independent of . The arguments sketched above (see 3] for details) do not permit us to control the multiplicity of E 0 ( ). In order to determine how many ground states H R has, we are using two complementary methods: The rst one consists in proving a Perron-Frobenius theorem for exp(?t H R ). This can be done for the Hamiltonian H R de ned in eqs. (16) through (18) , with I as in (19) (dipole approximation), provided electrons have \Boltz-mann statistics", or the number of electrons N = 1 or 2. In these situations, the ground state, ( ), of H R is unique; 12]. However, these methods do not apply to the model described in (10) in the introduction, or to the Ritz Hamiltonian (16) for three or more electrons satisfying Fermi-Dirac statistics.
Using operator-theoretic renormalization group methods (sketched in Section 4) we are able to control the multiplicity of E 0 ( ), for small values of . The advantage of these methods is that they are constructive and can be extended to gain control over the nature of the spectrum of H R above E 0 ( ) and in the vicinity of E j , j 1. However, they are only applicable for very small values of , while the methods described above can be used in a large range of values of .
We close this section with a remark on bound states of atoms and molecules interacting with the quantized radiation eld (as opposed to eigenstates of H R ). By a bound state we mean a state 2 H with the property that the expectation value of any polynomial in the position coordinates of the N electrons in is nite. The obvious physical idea is that a state whose spectrum of energies is well below the threshold P of H 0 el should be a bound state. Our result on bound states is as follows 3]: Let be any closed interval contained in (?1; 
Analysis of resonances
The purpose of this section is to describe results concerning the fate of higher eigenvalues E j ; j 1, of H 0 el when the interaction between electrons and the quantized radiation eld is turned on. Since these eigenvalues are embedded in the continuous spectrum of the operator H 0 = H 0 el +H f , we expect that they turn into resonances when the perturbation I (see eqs. (16) - (18) (vi) Assumptions (i) and (iv) in Section 3 hold with constants 1 , 0 and ( ) that are uniform in 2 D.
It is not hard to show that the spectrum of the unperturbed operator H 0 ( ), for = i ', with ' su ciently small, has the structure indicated in Fig. 2 , below. In order to understand the displacement of the thresholds E j when the perturbation I( ) is turned on, one must develop a suitable form of perturbation theory. The one we have developed in 3] is based on the Feshbach (-Grushin-Krein) projection method organized in an inductive way inspired by the renormalization group. Here we can only describe some key aspects of this method. For simplicity, we shall assume that one of the eigenvalues E j is simple, E (0) = E j 0 , say. We propose to analyze the spectrum of H R ( ) ( = i') in the vicinity of E (0) . We start by describing the Feshbach projection method in an abstract setting. Thus, let H be a separable Hilbert space and H a closed operator densely de ned on H. Let P be a (bounded but not necessarily orthogonal) projection on H (P = P 2 ) whose range is contained in the domain of H, and set P := 1I ? P. We de ne h := P H P + P H P; v := P H P + P H P; (35) and assume that kv k akh k + bk k;
for some a < 1 2 and some nite b. For z in the resolvent set, P , of P H P, we de ne F z (H) := P H P ? P H P R 0 (z) P H P; (37) where R 0 (z) := ( P H P ? z P) ?1 j PH : (38) Theorem F. Let z 2 P and assume that k R 0 (z)vk; kv R 0 (z)k " < 1: The proof of this theorem is straightforward. We use it to embark on a renormalization group analysis of the spectrum of H R ( = i ') in a vicinity of E (0) . Our analysis represents, perhaps, the rst mathematically precise combination of renormalization group ideas (decomposition into energy scales, scale-by-scale inductive analysis) with operator { rather than functional-integral { methods.
The rst step of our analysis is as follows: Let = i ', ' > 0, be xed. We choose a positive number 0 dist (E (0) 
where ( 0 ) is de ned in eq. (23), and the constant K < 1 on the r.s. of (46) is independent of z 0 2 S (0) .
Note that, in the e ective Hamiltonian, H (0) (z 0 ), at energy scale 0 , the electronic degrees of freedom are integrated out. This operator can be viewed as an operator on the photon Fock space H f that vanishes on the orthogonal complement of H f 0 H f .
Next, we choose a number 2 
We de ne P (1) := P (0) H f 1 :
In eq. (37) and Theorem F, we set H := H (0) (z 0 ) and P := P (1) . We then de ne, for z 0 2 S (0) and z 1 
where the constant K is the same as in inequality (46) and is independent of z 1 2 S (1) .
It is important to observe that the general form of H (1) is similar to that of H (0) .
This suggests to proceed inductively, the induction extending over a sequence, f j g 1 j=0 ,
of energy scales converging to 0 and with the property that
Thanks to assumption (iv), see (23) , with > 0 (for G ;x , = i', ' > 0), condition (55) can be met for many choices of sequences, f j g, of energy scales, including ones converging to 0 faster than M ?j , for any M < 1.
Thus, we assume that we have already constructed H (j) (z j ), E j ( ; z j ), T j , W j and sets S (j) and S (j) , with properties as in (47), (48) and (52) -(54), but with subscripts 0 and 1 replaced by j-1 and j, respectively. We then choose j+2 < j+1 =2 and de ne 
We now set P (j+1) := P (0) H f j+1 , and de ne, for z i 2 S (i) , where T j+1 is a function of H f , and W j+1 is an (in nite, norm-convergent) sum of Wick monomials in a y and a , with integral kernels depending on ; z j+1 and on H f in a precise way, with the property that the bounds (57) and (59) hold, with j replaced by j + 1, and for a nite constant K independent of j and of z j+1 2 S (j+1) . This task is rather complicated and cannot be described here; (the tools are the Neumann series for the resolvent of (1I ? P (j+1) )H (j) (z j+1 )(1I ? P (j+1) ), an expansion of the resulting terms in Wick monomials, using the pull-through formula, and a subsequent resummation). The details of our construction will appear in 3].
Our construction ensures that, as j ! 1, E j ( ; z j ) converges to an energy E( ) which is the energy of a resonance bifurcating from E (0) . Furthermore, the sets S (j) decrease to fE( )g, as j ! 1. Our inductive construction shows that the spectrum of H R ( ) in the vicinity of E (0) is contained in Using these results, one can proceed to construct an eigenvector of H R ( ) corresponding to the eigenvalue E( ). This requires introducing an infrared cuto , performing the inductive construction sketched above untill the energy scale has been lowered to one comparable to the infrared cuto , and then using part (b) of Theorem F. It is crucial to organize the estimates in such a way that the control over the eigenvectors is uniform in the infrared cuto .
The strategy described here can also be applied to construct the ground states of H R . It is constructive and, therefore, yields, in principle, control over the multiplicity of the ground state and of resonances. Moreover, following a method described in 16], one can obtain estimates on the Life-time of resonances, i.e., the time decay of unperturbed eigenvectors of embedded eigenvalues. Despite the fact that our method succeeds to construct a convergent perturbation expansion for a threshold of the full operator H R ( ), it does not apply to accumulation points of the spectrum of H 0 el because the isolation of the unperturbed electronic eigenvalue is essential.
